Abstract. Homogeneous varieties are those whose group of automorphisms acts transitively on them. In this paper we prove that any complete homogeneous variety splits in a unique way as a product of an abelian variety and a parabolic variety. This is obtained by proving a rigidity theorem for the parabolic subgroups of a linear group. Finally, using the results of Wenzel on the classification of parabolic subgroups of a linear group and the results of Demazure on the automorphisms of a flag variety, we obtain the classification of the parabolic varieties (in characteristic different from 2, 3). This, together with the moduli of abelian varieties, concludes the classification of the complete homogeneous varieties.
Introduction
Let X be a variety over an algebraically closed field k. Let G be the functor of automorphisms of X that acts naturally on X. We say that X is homogeneous if G acts transitively on X, that is, if for each pair of points x, x ∈ Hom(S, X), there exists an automorphism τ ∈ Aut S (X × S) (after a faithfully flat base change on S) transforming one into the other: τ (x) = x .
It is known that the group of automorphisms of a complete variety exists, i.e., the functor G is representable, and it is locally of finite type (see [7] ). Hence, if X is smooth, connected and homogeneous, then the reduced connected component through the origin of G acts transitively on X. Therefore, every smooth and connected homogeneous variety is isomorphic to G/P , with G a smooth and connected algebraic group and P ⊂ G a subgroup.
Let Aut 0 (X) denote the reduced connected component through the origin of the automorphism scheme of X.
The main results that we obtain here are:
(
1) A complete homogeneous variety splits canonically and uniquely as a direct product of an abelian variety and a parabolic variety.
A parabolic variety means a variety of the form G/P with G an affine, smooth and connected algebraic group and P a parabolic subgroup (eventually not reduced), i.e., a subgroup containing a Borel subgroup of G. This is Theorem 5.2. The analogue of this result for compact Kähler manifolds is due to A. Borel and R. Remmer (see [2] ).
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For the proof, it is necessary to prove that any action of an affine group on a variety with projective orbits is trivial. More precisely, it is proved that if an affine algebraic group acts on a variety and the orbits are projective and equidimensional, then the variety splits as the direct product of an orbit and the quotient by the action. This is Theorem 3.3. Borel proved an analogue of this result for a complex variety (see [1] ).
(2) From this result the next one, of great interest for the classification, follows easily: The automorphism group of a homogeneous complete variety classifies (modulo isomorphisms) the variety, up to the choice, in such a group, of a class (modulo automorphisms of the group) of a parabolic subgroup [P ] . Moreover, this group of automorphisms splits, in a unique way, as the direct product of a semisimple group of adjoint type (that is, with trivial center) and an abelian variety, and the subgroup P is a parabolic subgroup of the semisimple part. That is, to each homogeneous variety X is assigned its automorphism group Aut 0 (X) = G × A and the class [P ] , modulo automorphisms, of a parabolic subgroup P ⊂ G; thus the maps X → (G, A, [P ] ) and (G, A, [P ] ) → X = G/P × A establish an equivalence of objects modulo isomorphisms. This is Theorem 5.7.
It should be noted that the triplets (G, A, [P ] ) are chosen with the single condition that Aut 0 (G/P ) = G. Therefore, a first question is to know whether G may be any semisimple group of adjoint type; in other words, if G is given, does there exist a parabolic subgroup P ⊂ G such that Aut 0 (G/P ) = G? The answer is affirmative, and is due to Demazure ([4 
]). From his results one obtains in particular:
If G is a semisimple group of adjoint type and B is the variety of its Borel subgroups, then Aut 0 (B) = G. In conclusion, the classification of homogeneous complete varieties is equivalent to the classification of abelian varieties, semisimple groups of adjoint type (both of them well studied, see [8] , [9] , [6] ) and parabolic subgroups P of a given semisimple group G (modulo automorphisms) such that Aut 0 (G/P ) = G. Therefore, the classification is essentially reduced to the classification of (non-exceptional, in the sense of Demazure [4] ) parabolic subgroups of a simple group of adjoint type.
Finally, from the classification of the parabolic subgroups (in characteristic p = 2, 3) due to Wenzel ([12] ) and the determination of the non-exceptional and reduced parabolic subgroups due to Demazure ([4] ), we shall classify the parabolic varieties in characteristic p = 2, 3.
Known results
The following results are well known and may be found in [5] , [6] , [8] , [9] , [11] . We shall denote by P ic (X) the scheme in groups (if it exists) that parametrizes the invertible sheaves on X and by P ic 0 (X) the connected component of P ic (X) through the origin. Theorem 1.13. If X is a complete variety, then P ic (X) exists; it is a proper scheme and the tangent space at the origin is isomorphic to
Spec k). Furthermore, if X = G/P where G is semisimple and simply connected, then P ic (X) is isomorphic to the character group of P .
Let X be a variety such that P ic (X) exists. Let P be a universal invertible sheaf on X × P ic 0 (X), i.e., an invertible sheaf such that the pair (P ic 0 (X), P) represents the functor of invertible sheaves of degree zero on X. By the universal property, P is univocally determined up to inverse images of invertible sheaves (of degree 0) on P ic 0 (X) by the projection X × P ic 0 (X) → P ic 0 (X). Hence, if one fixes a point x 0 ∈ X and requires that P be trivial on x 0 × P ic 0 (X), then P is completely determined.
Given P, one defines ϕ : X → P ic 0 (P ic 0 (X)) by ϕ(x) = P | x×P ic 0 (X) . If, in order to determine P, one replaces the chosen point x 0 by another one, x 0 , then one obtains the same morphism composed with the translation on P ic 0 (P ic 0 (X)) by
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the invertible sheaf ϕ(x 0 ) −1 . That is, ϕ is univocally determined, up to translations on P ic 0 (P ic 0 (X)), by the choice of a point of X. If X is a group, one chooses as x 0 the origin of the group; this is equivalent to saying that ϕ is a morphism of groups (ϕ(0) = 0). 
Local triviality of deformations of parabolic subgroups
Let us assume that k is an algebraically closed field of arbitrary characteristic p, and let G be an affine, smooth and connected algebraic group over k. Definition 2.1. The nilpotence degree of an algebraic group G (over an algebraically closed field) is the order of the quotient by its reduced subgroup: |G/G red |. That is, it is the dimension of the finite vector space of the functions of G/G red .
It is known that a subgroup P ⊂ G is parabolic if and only if it contains a Borel subgroup B of G. Moreover, given a Borel subgroup B, each parabolic subgroup has a conjugated one containing B, because all Borel subgroups are conjugate. Therefore, the problem is to determine the structure of the parabolic subgroups containing a given Borel subgroup.
The aim of this section is to prove the local triviality of any deformation of parabolic subgroups (containing a Borel subgroup B). More precisely, let us denote X S = X × S for each k-scheme S. Then, Theorem 2.2. Let S be a connected scheme and ∼ P ⊂ G S a subscheme in groups over S containing B S . Then: 
One first observes that any parabolic subgroup contains the radical R(G) of the group (the maximal solvable, normal, smooth and connected subgroup of G). Hence, the parabolic subgroups are in biunivocal correspondence with the parabolic subgroups of the quotient G/R(G), which is a semisimple group. Therefore, we shall assume in the following that G is semisimple.
Let T ⊂ B be a maximal torus of G, R the roots system of G associated with T , R + the positive roots (i.e., the roots of (B, T )) and S ⊂ R the basis of simple roots contained in R + .
Remark 2.3. The reduced parabolic subgroups (containing B) are in biunivocal correspondence with the subsets I of the basis S. In particular, the number of them is finite (exactly 2 |S| ). Therefore, the theorem is almost immediate in characteristic 0, since any group is reduced, and hence the scheme of parabolic subgroups containing B is finite and discrete. Thus, for the proof of the theorem, we shall assume that the characteristic is positive, p > 0, although the same proof is valid in characteristic 0 with the corresponding simplifications. 
P is the preimage of that closed subscheme by the morphism to the quotient π : 
S stable under the action of T by conjugation. Therefore, it suffices to study the structure of these subgroups.
Definition 2.5.
A cone is the spectrum of an N-graded algebra.
One observes that a Z-graduation on an algebra A is equivalent to an action of algebras of the multiplicative group G m on A. generates a convex cone that contains no full line. Let β 1 ∈ J generate an extremal ray of that cone. Then there exist a linear form ω vanishing at β 1 , and strictly negative on all other β ∈ J (since no negative roots are proportional); we may further assume that ω is rational, and even integral. Proof.
Corollary 2.10. Let us fix an ordering of the roots given by the preceding proposition. If we denote U
(1) By the uniqueness of ρ it suffices to prove the statement locally on S.
That is, we may assume S = Spec k with k a ring, and H = Spec A, with A a Hopf k-algebra. The uniqueness is given from the fact that if a morphism ρ : A/I → A is a section of algebras and G m -algebras of the projection π : A → A/I, then it maps into A 0 (since it is a morphism of G m -algebras) and, since it is a section of π, it must be the inverse of the isomorphism
(2) It is immediate that the action is conic. For the second part, in the above reduction, the retract is given by the inclusion A 0 ⊂ A; if A is the ring of H and A the ring of H, then the statement follows from the commutativity of the diagram 
and, by Proposition 2.11, there exists a unique retract
-schemes which is, in addition, a morphism of groups. Therefore, it must coincide with the projection on G 
(1) If H is flat over S, then the A-modules A/I i are also flat; thus, they are locally free with rank less than or equal to 1, i.e., either
S has constant dimension 1 along the fibres, then H = (G a ) S , since the equality holds in the fibres over S. Therefore, (I i ) 0 = S and hence I i = 0 (since S is integral). If H has constant dimension 0 along the fibres, then for each point x ∈ S the nilpotence degree is the maximum index i such that p x ⊃ I i (p x ⊂ A being the prime ideal of the functions that are zero at x). Since the nilpotence degree is constant along the fibres, one has that either (I i ) 0 = S or (I i ) 0 = ∅; that is, either I i = 0 or I i = A for each i, and one concludes.
Proof of Theorem 2.2. This follows from Lemma 2.4 and Proposition 2.14.
3. Triviality of the actions with complete orbits Definition 3.1. Let X be a variety on which an algebraic group G acts and let x ∈ X. We shall call the nilpotence degree of the orbit of x the nilpotence degree of its isotropy group:
Remark 3.2. In characteristic zero this notion is superfluous, since any group is smooth and hence the nilpotence degree of any orbit is 1. Proof. Choose B, a Borel subgroup. Let X B be the reduced subscheme of the fixed points of X under the action of B. Then B fixes a unique point in any G-orbit in X. So the map G × X B → X is surjective and its fiber at x ∈ X B is G x (i.e., the isotropy group of x), which is irreducible and of constant dimension (since the dimension of G/G x is constant). Thus, X B is irreducible.
Let us define φ : 
with P ⊂ G a subgroup containing B. It thus follows that ϕ factors through an isomorphism G/P × X B → X.
Invariant invertible sheaves
Definition 4.1. Let X be a complete and homogeneous variety. An invertible sheaf L ∈ P ic (X) is said to be invariant if it is a fixed point of P ic (X) under the natural action of Aut 0 (X) in P ic (X).
Remark 4.2. If X is a parabolic variety, then any invertible sheaf is invariant, since P ic red (X) is a discrete k-scheme (because P ic 0 (X) = 0) and Aut 0 (X) is smooth and connected. 
Proof. Let G = Aut 0 (X), and let m :
, and hence a morphism of G-schemes
Taking a fibre at each point of G, one obtains a morphism τ :
. It follows easily that τ is a morphism of groups (notice that a morphism between two smooth groups is a morphism of groups if and only if it is so for the rational points). Moreover, if for each point x ∈ X we denote by ω x : H 0 (X, L) → L x k the linear form that maps each section to its fibre at x, then g · ω x = ω g·x . Therefore, the closed subset of base points is empty, since it is G-invariant, L is effective, and X is homogeneous, and the natural morphism
Remark 4.4. This theorem implies the following well-known results: (1) If X is an abelian variety, L ∈ P ic 0 (X) is nontrivial if and only if
(2) A complete and homogeneous variety X is parabolic if and only if Aut 0 (X) is an affine group (and, in that case, it is semisimple of adjoint type). 
We shall say that a quotient π : X → Y is an invariant quotient if (4) there exists an action of Aut 0 (X) on Y such that π is a Aut 0 (X)-morphism.
This notion of quotient corresponds to the notion of quotient by an equivalence relation in the theory of schemes; that is, it is wider than Mumford's notion of geometric quotient under the action of a group. (1) and (4)). Indeed, if π is invariant, then the fibers are equidimensional and so π is flat (X, Y are smooth varieties). Moreover, if π is surjective, then π is faithful flat, and one concludes easily, by flat descent, that π satisfies conditions (2) and (3).
Definition 4.7. We shall say that two quotients
Remark 4.8. Let X be a homogeneous variety. An invariant quotient π : X → Y is determined, up to equivalence, by the fibre passing through a given point x ∈ X, that is, by the subscheme 
and H is the isotropy group of x, then X = G/H, Y = G/H (with H the isotropy group of π(x)) and π
−1 (π(x)) = H /H ⊂ G/H.
Lemma 4.10. Let X be a complete variety, L an invertible sheaf on X and V
Proof. Let (V 2 ) 0 ⊂ V * 1 be the subspace incident with V 2 . Let us consider the natural projection h :
) is the subscheme of base points of V 2 , which is empty; hence h induces a morphism h :
The finiteness of h follows from the fact that it is an affine morphism, since h is affine. 
coincides with π.
Proof. The invariant quotients are determined by the fibre through a given point x, in such a way that the order of the quotients corresponds with the inclusion order of the fibres; that is, (Y, π) ≥ (Y , π) if and only if π −1 (π(x)) ⊂ π −1 (π(x)). Since X is Noetherian, one concludes the existence of a maximal parabolic (respectively, abelian) quotient.
For the second part, let L be an ample invertible sheaf on P(X). Since P(X) is parabolic, L is invariant, and so L = π * L is invariant too. Let us consider the parabolic quotient π :
This defines a morphism h : P → P(X) such that π = h • π (Lemma 4.10). Hence (P, π) ≥ (P(X), π) and, by maximality, one concludes that (P, π) = (P(X), π). Proof. Let G = Aut 0 (X). Let G ⊂ G be the unique affine, smooth, connected and normal subgroup such that A = G/G is an abelian variety (Theorem 1.1). By Lemma 5.1, G acts on X with closed and isomorphic (as G-schemes) orbits. Then, by Theorem 3.3, X = G/P × X/G, and A = X/G is a quotient of G/G = A and hence an abelian variety.
Structure of complete and homogeneous varieties

Lemma 5.1. Let G be a smooth and connected group. If G is a normal subgroup of a smooth and connected group G and G acts transitively on a variety Y , then the orbits of Y under the action of G are closed and conjugated by G (in particular, the orbits are isomorphic as G-schemes). In addition, there exists a fine quotient
Y → Y/G.
Proof. One has that Y G/H, as G-schemes. Since G is normal in G, it follows that G · H ⊂ G is a subgroup and it is clear that Y/G G/G · H as
For the uniqueness of the decomposition X = Y × A, it is enough to determine canonically the projections of X onto the factors:
(1) Let P ic 0 be the reduced connected component through the origin of the Picard scheme of X, which is an abelian variety (Theorem 1.13(1)). It is known that P ic 0 (Y ) = 0 (Theorem 1.13(2)) and that P ic 0 (P ic 0 (A)) = A (Theorem 1.14), and this equality is canonical up to translations of A (that is, it is canonical once the origin is fixed). Moreover, P ic Theorem 1.15) , and one thus has a natural morphism
which is precisely the projection. In other words, A is the Albanese variety of X, and the projection X → A is the natural morphism X → Alb(X). For the second part of the statement, it is enough to observe that, since the projections onto the parabolic and abelian parts are invariant quotients, any automorphism induces an automorphism of each factor, and conversely. The rest is immediate.
Corollary 5.3. Any group extension of an abelian variety by a semisimple group of adjoint type is trivial.
Proof. Let A be an abelian variety, G a semisimple group of adjoint type, and let
be a group extension. Let B ⊂ G be a Borel subgroup of G and X = G/B. Since G is a normal subgroup of G, it follows easily that the orbits of X under the action of G are all isomorphic to G/B. Hence, by Theorem 3. [4] ). It follows that π 1 : G → G is a retract of groups, and hence G is the trivial extension.
Definition 5.4. The parabolic type of a homogeneous variety X is the class, modulo automorphisms of Aut 0 (X), of the isotropy group of any point of the variety under the action of its group of automorphisms (more properly, the reduced connected component of its group of automorphisms).
Remark 5.5. From the preceding theorem, the isotropy group of any point x of a complete homogeneous variety X is a parabolic subgroup of the affine part of its group of automorphisms. Therefore, the parabolic type of the variety coincides with the class of its parabolic part modulo isomorphisms. 
Theorem 5.7 (Classification of complete homogeneous varieties). The classification of complete homogeneous varieties is equivalent to the classification of the triplets (A, G, [P ]), where A is an abelian variety, G is a semisimple group of adjoint type, and [P ] is a parabolic type of
where
is the isotropy group of any point x ∈ X and [P x ] denotes its class modulo automorphisms of Aut lin (X).
Classification of parabolic varieties
To conclude, we are going to give the classification of the parabolic varieties from the following results:
• The classification of the parabolic subgroups given by Wenzel in [12] (in characteristic different from 2 and 3).
• The determination (given by Demazure in [4] ) of the pairs P ⊂ G, where G is a simple group of adjoint type and P ⊂ G is a reduced parabolic subgroup such that G = Aut 0 (G/P ). The pairs satisfying this condition are called non-exceptional. Demazure proves that the exceptional pairs are the following ones:
(1) G = SO 2l+1 (k) and G/P the variety that parameterizes the totally isotropic subspaces V l ⊂ k 2l+1 (with 2l+1 ≥ 5). In this case Aut 0 (G/P ) PSO 2l+2 . (2) G = Sp 2l (k) and G/P = P 2l−1 the variety that parameterizes the lines of k 2l . In this case Aut 0 (P 2l−1 ) PGl 2l (k). (3) G = the simple group of adjoint type with semisimple rank 2 and type G 2 ; that is, it is the group of automorphisms of an algebra of octonions Ω. Let (1) Y 1 , Y 2 are complete and homogeneous varieties.
Analogously, Y 2 is projective. Moreover, they are both reduced and connected, since the product Y 1 × Y 2 = X is so. In particular, P ic
On the other hand, the fibre by µ of any point x = (y 1 , y 2 ) is P(X) = F 1 × F 2 , where
are the fibres by µ 1 and µ 2 of the points y 1 and y 2 , respectively.
Analogously, one proves that F 1 , F 2 are projective and connected varieties. Let L 1 be an effective ample invertible sheaf on
sheaf on P(X), and hence invariant (since P(X) is a parabolic variety). The natural morphism
is an invariant quotient, and it coincides with the projection on the first factor. One concludes that F 1 , F 2 are Aut 0 (P(X))-varieties and Aut 0 (P(X)) = Aut 0 (F 1 )× Aut 0 (F 2 ). In particular, one has that
that is, Aut 0 (X) splits as a direct product of groups in such a way that G 1 acts trivially on Y 2 and G 2 acts trivially on 
, where the projections are invariant quotients, Aut
Regrouping the factors, one has
Definition 6.2. We say that a homogeneous variety X is indecomposable if it is not the product of two varieties of dimension greater than zero. Proof. This follows from Theorem 6.1 and from the existence and uniqueness of the decomposition of an affine semisimple group of adjoint type as a product of simple groups.
Remark 6.5. From Theorem 5.7 and Corollary 6.4, the classification of homogeneous varieties is reduced to the classification of abelian varieties and the classification of parabolic varieties with simple (of adjoint type) group of automorphisms.
Let G be an affine, simple, algebraic group of adjoint type. Let B = G/B. Then G = Aut 0 (B) (see [4] ), and any parabolic G-variety P is an invariant quotient B → P (in a unique way up to translations by elements of G). The problem is to determine the parabolic G-varieties P satisfying Aut 0 (P) = G. First of all, let us specify what are the parabolic G-varieties, up to isomorphisms of varieties. Let us consider the associated parabolic varieties P 1 = G/P 1 , . . . , P s = G/P s , where P 1 , . . . , P s are the maximal reduced parabolic subgroups containing B.
Given two parabolic G-varieties π : B → P and π : B → P , we shall denote by P * P the parabolic G-variety image of the G-morphism π × π : B → P × P . Remark 6.6. If P = G/P and P = G/P with P, P ⊂ G parabolic subgroups containing B, then P * P = G/P ∩ P . Moreover, P * P = sup(P, P ), with respect to the order of the parabolic G-varieties.
Assume char(k) = p > 0. Given a variety X and a natural number n ∈ N, we shall denote by X
[n] the scheme whose underlying topological space is X and whose structural sheaf is the subsheaf O
being the Frobenius morphism). If G is a scheme in groups, then G
[n] is a scheme in groups and
is a morphism of groups. We shall denote G n = ker F n , which is a subscheme in groups, finite and local.
Remark 6.7. It is easy to see that if P is a parabolic G-variety, then P
[n] is a parabolic G-variety too, and Aut
Theorem 6.8. Assume that 0 < char(k) = 2, 3. For each parabolic G-variety P, there exist unique indices 1 ≤ i 1 < · · · < i r ≤ s and exponents n 1 , . . . , n r ∈ N such that
ir . Moreover, Aut 0 (P) = G if and only if n h = 0 for some 1 ≤ h ≤ r and P ij is non-exceptional for some 1 ≤ j ≤ r. That is, G → Aut 0 (P) is not an isomorphism if and only if either n 1 , . . . , n r > 0 or P is maximal and P ⊂ G is an exceptional pair.
Proof. With the notation of [12] , one has that each parabolic subgroup P of G containing B can be expressed in a unique way as P = βi∈S P ni,βi , where S is the basis of the root system of G corresponding to T ⊂ B, P βi is the maximal parabolic subgroup such that the root system of (P βi , T ) does not contain −β i , and P ni,βi = G ni · P βi if n i = ∞, and P ∞,βi = G. With our notation, G/P βi = P i , G/P ni,βi = P = Spec k, i.e., it is a factor that can be suppressed. For the second part, one observes that G → Aut 0 (P) is injective if and only if inf(n 1 , . . . , n r ) = 0, since, on the contrary, it factors through G [1] . Moreover, it is surjective if and only if there exists a morphism π : Aut 0 (P) → G [n] that coincides with F n over G. is a finite morphism with connected fibers (since these fibers are quotients of parabolic subgroups of G). Then P = P
[n] i and, by the preceding theorem (first part), n ≥ n i . It is clear that P = P formed by the classes of elements (n 1 , . . . , n s ) ∈ N * S such that n i = 0 for some i and n j = ∞ for some j such that P j ⊂ G is non-exceptional.
